We study the spectral pictures of (jointly) hyponormal 2-variable weighted shifts with commuting subnormal components. By contrast with all known results in the theory of subnormal single and 2-variable weighted shifts, we show that the Taylor essential spectrum can be disconnected. We do this by obtaining a simple sufficient condition that guarantees disconnectedness, based on the norms of the horizontal slices of the shift. We also show that for every k ≥ 1 there exists a k-hyponormal 2-variable weighted shift whose horizontal and vertical slices have 1-or 2-atomic Berger measures, and whose Taylor essential spectrum is disconnected. To cite this article: A. Name1, A. Name2, C. R. Acad. Sci. Paris, Ser. I 340 (2005).
Introduction
The Lifting Problem for Commuting Subnormals (LPCS) asks for necessary and sufficient conditions for a commuting pair of subnormal operators on Hilbert space H to admit a commuting pair of normal extensions acting on a Hilbert space K ⊇ H. In recent work we have shown that (joint) hyponormality, while necessary, is not a sufficient condition for lifting [11] . We did this by appealing to commuting 2-variable weighted shifts, for which we have developed new techniques to detect their hyponormality and subnormality. Within the class H 0 of 2-variable weighted shifts T ≡ (T 1 , T 2 ) with commuting subnormal components T 1 and T 2 , we obtained in [12] a new necessary condition for the existence of a lifting: the Berger measures of horizontal and vertical slices must be linearly ordered with respect to absolute continuity. More recently, we gave in [5] an abstract solution of LPCS, after proving a multivariable version of the Bram-Halmos Criterion [1] .
In this paper we develop new tools and techniques, and combine them with those in [11] , [12] , [13] , [5] , [9] and [10] , to shed light on the spectral theory of 2-variable weighted shifts. As it is well known, the spectral picture of a hyponormal unilateral weighted shift W α is easy to describe: the spectrum is a closed disk of radius W α , the essential spectrum is the circle of radius W α , and the Fredholm index is −1 in the open disk. Thus, from a spectral perspective all norm-one hyponormal unilateral weighted shifts are equivalent to the unilateral (unweighted) shift U + (which is also subnormal). For subnormal 2-variable weighted shifts the situation is quite different; a complete description of the spectral picture, in the case when the intersection of the boundary of the Taylor spectrum and each coordinate plane is a circle, was given in [9] and [10] . This was done using the groupoid machinery introduced in [16] and [15] , and refined in [6] . The presence of the Berger measure was essential in the study of the asymptotic behavior of the weight sequences, and led to concrete results about the various parts of the Taylor spectrum. For hyponormal 2-variable weighted shifts T ∈ H 0 , however, the study of the spectral properties requires independent techniques, since no Berger measure is present.
In what follows, we present a number of results which highlight the deep differences between the single variable case and the 2-variable case. In Theorem 2.2 we exhibit, for the first time, a sufficient condition that guarantees the disconnectedness of the Taylor essential spectrum, namely, W α (1) 
, where r denotes spectral radius and dist denotes distance. If we substitute the left spectrum for the spectrum, the result is far from obvious; we actually show in Example 3 that for T hyponormal, the equality [(T − λ)
) may fail, where σ denotes the left spectrum and [(T − λ)
is the canonical left inverse. Finally, Theorem 2.7 shows that even if we assume that the Berger measures of the shifts associated to horizontal rows and vertical columns are discrete, joint k-hyponormality [5] of T (for an arbitrary k ≥ 1) is not sufficient to force the equality
∈ K} and ∂L denotes the outer boundary of L, that is, the boundary of the connected component of R 2 L.)
Main Results
We begin by listing three basic results which are needed in the proofs of Theorems 2.2, 2.5 and 2.7, and Example 1.
Lemma 2.1 (i) ([2], [3]) Let H 1 and H 2 be Hilbert spaces, and let
Assume that A and
(ii) ( [4] , [14] and [2] ) For A and B two commuting n-tuples of bounded operators on Hilbert space, we Example 1 below provides a concrete instance of Theorem 2.2, with all horizontal rows admitting continuous Berger measures. We first need some notation and a few definitions. Let µ be a Reinhardt measure on C n . The set of bounded point evaluations for µ is b.p.e(µ) = {λ ∈ C n : p → p(λ), p ∈ C[z], extends to a bounded point evaluation from P 2 (µ) to C.}. The kernel function associated with µ is
, and the set of convergence of k is C(k) := {λ ∈ C n : k(λ, λ) < ∞}. Figure 1 .
Example 1 Let T ≡ (T 1 , T 2 ) be the 2 -variable weighted shift whose weight diagram is given in
, and ∂σ T (T) = σ T e (T) (cf. Figure 2) . Theorem 2.5 below shows that, for every k ≥ 1, it is possible to create k connected components in the σ T e of a 2-variable weighted shift T, while maintaining the hyponormality of T ∈ H 0 . We recall that for ≥ 1, the Bergman-like weighted shift on
: n ≥ 0}); in particular, B Figure 2 ). Example 2 shows that, if we don't insist that T ∈ H 0 be hyponormal, the Taylor essential spectrum can consist of infinitely many circles converging to a single point. We see in particular that two commuting subnormals do not necessarily give rise to a hyponormal pair. Example 2 Let T be the 2-variable weighted shift whose weight diagram is given by Figure 1 , where α < β ≤ 1. Then T ∈ H 0 , with 1-atomic Berger measures for all horizontal and vertical slices. However, T is not hyponormal. Moreover, σ T (T) has empty interior; in fact, Figure 2) . We now turn to a simple application of 2-variable weighted shifts to a single variable problem. Example 3 shows that there exists a hyponormal T ∈ L(H) with (T − λ)
Example 3 Let T be the 2-variable weighted shift whose weight diagram is given by Figure 2 , where a < 1. Then (i) T is not hyponormal, and 
... ...
... 
Theorem 2.7 Let T be the 2-variable weighted shift whose weight diagram is given in Figure 2 . Given k ≥ 1, κ > 1 and W κ , there exists 0 < y 0 ≤ 
